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COMPOUND OPTICS

BARTOSZ MILEWSKI

ABSTRACT. Simple optics are defined using actions of monoidal cate-
gories. Compound optics arise, for instance, as natural transformations
between polynomial functors. Since a monoidal category is a special case
of a bicategory, we formulate complex optics using the action of a bi-
category. We show that polynomial optics are a special case of complex
optics defined by the action of bicategory Prof on co-presheaves.
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1. INTRODUCTION

Optics, as it is used in computer science, provides a way of focusing on
and modifying individual parts of data structures. In category theory, it
provides a window into the inner structure of objects. In general, optics tries
to decompose an object into a focus, or multiple foci, and a transformation
that relates the foci to the whole object. In simple optics the foci are objects
in the same category as the whole object. This framework was first described
in [5], formalized in [8], and extended in [1].

Recently, new types of optics arose in the study of polynomial functors
[7, 6]. These new compound optics require a generalization of the standard
framework by grouping the foci into separate categories. The contribution
of this paper is to show that transformations that relate these foci to the
composite objects, rather than forming an actegory, require the use of a
bicategory. Composition of compound optics is explained in terms of Kan
extensions [4].

2. SIMPLE OPTICS

Simple optics is built from several layers. At the bottom we have acte-
gories that are defined by the action of a monoidal category M upon regular
categories. Such an action is often written using infix notation m e ¢, where:

o MxC—=C

or, in the curried form reminiscent of the Cayley’s theorem, as a monoidal
functor:

o: M —[C,C]
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Two such actions in two categories:

o: M—[C,C]

o,: M — [D,D]
can be combined into a mixed-variance action:

o: MP x M — [C? x D,C? x D]
where:
(m,n) e {c,d) = (m e, c,ne,d)

The hom-sets in C°? x D are then extended (later we’ll see that these are in
fact Kan extensions) along these actions:

(C? x D)((m,n) e (a,b), (s,t))

Finally, after averaging (by taking the coend, [3]) over the monoidal category
M, we get the most general simple (mixed) optic:

m: M
Ola,b)(s,t) = / (C? x D)((m,m) e {(a,b),(s,t))

Or, in the more familiar form [1]:

m: M
Ola,b)(s,t) = / C(s,m e a)xD(me,b,t)

Here, a and b are interpreted as the foci; and s and t are the whole objects.

These optics are then interpreted as hom-sets in the category Opt [8]
where objects are pairs like (a,b) and (s, t).

Not all of optics fall into the category of simple optics. For one, it’s
possible to compose disparate optics, like lenses with prisms to get new
optics. Then there are optics that arise as natural transformations between
polynomial functors. These optics have a representation as “ommatidia”
[6], which is similar to simple optics, but goes beyond the representation of
monoidal categories. A larger framework is needed.

3. BICATEGORIES

A bicategory C has objects as 0-cells, arrows as 1-cells, and arrows be-
tween arrows as 2-cells. This allows for the relaxation of the usual commut-
ing rules for diagrams. For instance, composing a 1-cell with an identity
1-cell may result in a 1-cell that’s not exactly equal to the original but is
related to it by an invertible 2-cell called the unitor. Similarly, associativity
of 1-cell composition may be defined up to a 2-cell isomorphism called the
associator. These have to satisfy additional coherence conditions.

It’s worth pointing out that 1-cells between any pair of 0O-cells i and j
form a hom-category C(i, 7).

If the axioms of a category are satisfied on the nose, a bicategory is called
a 2-category. The common example of a 2-category is the category of small
categories Cat, with categories as 0-cells, functors as 1-cells, and natural
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transformations as 2-cells. 1-cells between any two categories C and D form
a functor category
Cat(C,D) =[C, D]

An important example of a bicategory is a single-object bicategory which
is equivalent to a monoidal category. Its 1-endo-cells represent the objects
of the monoidal category: their composition is the monoidal tensor product.
The identity 1-cell is the unit object I. The 2-cells represent the morphism
of the monoidal category.

A pseudofunctor F' between bicategories C and DD is a mapping that
weakly preserves the bicategorical structure. In particular its action on
1-cells is a regular functor between hom-categories:

C(i,7) — D(Fi, Fj)

A pseudofunctor preserves composition and identity up to 2-cell isomor-
phism. There are also some additional coherence condition.

A pseudofunctor F' from a single-object bicategory M to Cat defines
an actegory, that is an action of a monoidal category on some category
C. Indeed, such a functor maps the O-cell * to a category C, and it maps
(functorially) the hom-category M(x, ) to the endo-functor category [C,C].

Recall that the 1-cells in M(x, x) are objects of the monoidal category and
their composition is the tensor product. Thus if we have 1-cells m and n in
M(x,*), F' maps their product m ® n to the composition of endofunctors
F'mo Fn. Pseudo-functoriality means that unit and associativity are weakly
preserved.

4. SIMPLE OPTIC EXPLAINED USING BICATEGORIES

A simple optic can be defined using a one-object bicategory M and a pair
of pseudofunctors into Cat. These functors pick a pair of categories C and
D and a pair of actions:

o : M(x,%) — [C,C]
o,: M(x,%) — [D, D]
These two actions can be combined into one:
o: M(x, %) x M(x,%) — [C®? x D,C x D]
where:
(m,n) e {c,d) = (m e, c,ne,d)
5. KAN EXTENSIONS

To explain how the category of optics arises from monoidal actions, it’s
instructive to go through an intermediate construction that involves Kan
extensions. A point-wise left Kan extension of a co-presheaf F' along a
functor P can be written as a coend:

(LanpF)b = / B(Pe,b) x Fe
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The categories and functors in this definition are shown in the following
diagram:

¢c —FLE 5 Set
{
B Lanp F'

Kan extensions are composable. An extension along a composition of
functors is a composition of Kan extensions:

LangopF = Lang(LanpF)
Pictorially:

c —+ 5 Set

P
Lanp F'

B
QC Lang (Lanp F)

B/
Representable functors form a basis of the co-presheaf category (any co-

presheaf is a colimit of representables). It turns out that Kan extensions of
representables are also composable.

6. COMPOSITION ON REPRESENTABLES

Kan extensions of representables can be used to define profunctors that
are parameterized by functors, which can be seen as generalized hom-sets
between categories, gluing them into collages. Consider a functor P: C — D
and two objects c¢: C and d: D. Define the profunctor:

Ip(c,d) = (Lanp),)d = /C D(Pc,d) x C(c,d)

where
(Ve)d =C(c,d)
is the Yoneda functor.

c—2 . Set

g
B IIp(c,—)

For any two composable functors P and ) we can define the composition
of the profunctors:

HQ(C, d) X Hp(d, e) — HQOP(C, e)
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Using the definition of Kan extension, together with the fact that products
in Set preserve coends, and the Fubini theorem, we get:

c.d
(LanpYs)d x (LangYa) e = / D(PE,d) x Cle,d) x E(Qd',¢) x D(d, ')

Two of the hom-sets are composable:
o: D(d,d") x D(P,d) — D(Pd,d')

which gives us the desired mapping to:
c.d

D(Pd,d')xC(c,d)xE(Qd',e)x = (Lang (Lanp V.)) e = (Langop)e) €

Later we’ll use this formula with the functor P replaced by the action
me.
7. AVERAGING OVER ACTIONS

In this picture, simple optics are recovered by considering co-presheaves
on the product category C°? x D. We construct the left Kan extension of
the representable:

y<a,b) <C, d> = (Cop X D)(<CL, b>7 <C, d>) = C(Cv a) X D(b,d)
along the double action of the monoidal category:
o: MP x M — [C? x D,C? x D]

as illustrated in the following diagram:

Ve,
CP x D — 2 Qet
<m,n>'<
C? x D Lan(m,nye a,b)

This gives us the integrand of the simple optic:

(e,d): COPXD
(Lan<m,n>. y<a,b>) (s,t) = / (CPXxD)({m,n)e(c,d), <s,t>)><y<a,b> (e, d)
The coend can be reduced using the co-Yoneda lemma, resulting in:
(€% x D)({m,n) e (a,b), (s,t))
which can be written in the more familiar form as:
C(s,m e, a) X D(n e, b,t)

The optics themselves are obtained by averaging over the actions, that is
taking the coend over the monoidal category M:

m: M
O<a7 b> (87 t> = / (Lan(m,m>o y(a,b)) <87 t>
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To see that optics are composable, let’s rewrite them using the composable
profunctors II:

m: M
Ol b)st)= [ Wymyalat) (st

We have to construct a mapping:

m,n k
/ H(m,m)o <CL, b> <37 t> X H(n,n)o <37 t> <3,7 t,> - / H(k,k)o<a7 b> <3,7 t/>

We first compose the two II’s to get:

/ H(m@n,m@n)o <CL, b> <3/7 t/>

where the tensor product is the result of the composition of two actions
nom.

The remaining step is to use the universal property of the coend with the
injections:

Lm@n,men) H(m@n,m@n)o <a7 b> <S/7 t/> — / H(r,r)o <CL, b> <3/7 t/>

8. CoMPOUND OPTICS

To describe compound optics we generalize the monoidal category of sim-
ple optics to a bicategory M. The monoidal action is then replaced by
a pseudofunctor F': M — Cat. Such a pseudofunctor maps 0-cells to cate-
gories. A hom-category between two 0O-cells is mapped to a functor category:

M(i, §) — [C,C']

where C = F'i and C' = F'j. Functoriality means that the composition of
1-cells is mapped to composition of functors. Notice that this time we are
not talking about endofunctors.

To define compound optics we take two such pseudofunctors that define
a pair of actions:

o, : M(i,5) = [C,C]
o,: M(i,j) — [D, D]
These two actions can be combined into a mixed-variance action:
o: M(i, )P x M(i,5) — [C? x D,C'”" x D]
If m and m’ are elements of M(%, j), their action is defined as:
(m,m') e {c,d) = (m e, c,m’ e, d)

This time the result of the action lives in a different category than the source.
We use the left Kan extension to extend the representable:

Viapylc,d) = (C x D)((a,b),{c,d)) = C(c,a) x D(b,d)
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along the action of (m,m’):

Y¢a,
i C? x D 0, Set
Jm,m' T <
J C'? x D Lan  mrye Viab)

We’ve seen earlier that these Kan extensions are composable as long as the
actions are composable (using regular functor composition). This time the
profunctors:

H(m,m’)o<a7 b> (87 t> = (Lan(m,m’)o y(a,b)) <S, t>
connect objects in four different categories, not counting the hom-category
M, j).
The final step is averaging over M(i, 7). We define the composite optic as
a coend:

m: M(4,5)
Oij{a,b)(s,1) = / (Lan g, mye Vias)) (s:7)

These optics compose as long as the corresponding 1-cells in M compose.
Consider two composable 1-cells, n: M(4,j) and m: M(j, k). Their composi-
tion is momn: M(i, k). The composition of compound optics follows the same
pattern as that of simple optics, except that the composition of actions no
longer reduces to a tensor product. The injection that completes the proof
is:

r: M(4,k)
Umon,mon) * H(mon,mon)o <CL, b> <3/7 t/> — / H(r,r)o<a7 b> <S/7 t/>
The identity optic is a member of:
Om’ <CL, b> (a, b>
generated by the identity 1-cell in M(i, 7).

9. POLYNOMIAL OPTICS

A practical example of compound optics arises in the study of polynomial
functors [2]. Such functors can be written as coproducts of representables:

P(y) = Z Sp X Set(tmy)
neN

where s, and t, are families of sets indexed by the elements of the set N.
A natural transformation from P to ), where @ is given by the formula:

Qy) = > ar x Set(by, y)

keK
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can be written in the form:

PolyLens(s, t)(a,b) H Set (sk, Z an x Set( bn,tk)>

keK neN

Notice that there are two different indexing sets N and K.
There is a coend version of this optic (named, after the compound eyes
of insects, ommatidia):

/ I] Set (sk,Zanxcnk) X HSet(Zb X Ciy t )

keK neN €K meN

Here, the coend is taken over the family of sets ¢, that are indexed over
two different sets, N and K, reminiscent of rectangular matrices.

In order to describe polynomial lens as a compound optic, we’ll make a
generalization: we’ll replace the indexing sets with categories and consider
co-presheaves over these categories:

b: [V, Set]

s, t: [IC, Set]

We interpret the categories N and K as 0-cells in the bicategory Prof. We
then define a pseudofunctor from Prof to Cat. On O-cells it maps a category
N to its co-presheaf category [N, Set]. On 1-cells, it maps a profunctor:

p: NP x K — Set

to a functor:
c: [N, Set] — [K, Set]

The action of this functor (here, denoted by e) on a co-presheaf a is given
by the coend (this is reminiscent of the action of a matrix on a vector):

n:N
(cea)k = / a(n) x p(n, k)

Profunctor composition in Prof is defined as:

(wop)n,k) = / " p(n,m) x g m, k)

The action of p o p’ on a is isomorphic to the composition of actions:

/ " a(n) x / " pinamy x pm, k) = (¢ o (c o a)) (k)

The unit of profunctor composition is the hom-functor, and the correspond-
ing action is isomorphic, by co-Yoneda, to identity.

On 2-cells, the pseudofunctor maps natural transformations between pro-
functors to natural transformations between functors.
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In general, compound optics are defined by a pair of pseudofunctors. Here
we use the same pseudofunctor twice. The resulting compound optic is given
by a coend over 1-cells p, which are profunctors N? x K — Set:

/

/p[;c, Set] <s/" a(n) Xp(n,—>> « [, Set] /n b(n') x pln', =)t

In the special case of A and K being discrete (that is sets of objects), the
internal coends turn into coproducts, and the sets of natural transformations
into products, resulting in the formula for polynomial optic or ommatidia.

10. FUTURE WORK

The current approach can be naturally generalized to the enriched setting.

There is one aspect of simple optics that still resists generalization, namely
the profunctor representation. It’s not clear how to generalize Tambara
modules and Tannakian reconstruction to the new bicategorical setting.
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